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TENTAMEN RELATIVISTIC QUANTUM MECHANICS
friday 14-04-2005

On the first sheet write your name, address and student number. Write your name on all

other sheets.

This examination consists of four problems, with in total 20 parts. The 20 parts carry

equal weight in determining the final resuit of this examination.

h = ¢ = 1. The standard representation of the 4 x 4 Dirac gamma-matrices is given by:
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PROBLEM 1

A solution of the Dirac equation for a free epinor field is of the form

P(@) = u(P,s)e

pD:wp

In this problem the momentum p is always on-shell, p° = w, = \/B? +m2.
1.1 Show that ¥(z) is a solution of the Klein-Gordon equation.
1.2 The Dirac equation implies an equation for u(p,s). Determine this equation.

1.3 Show that the matrix v° has two eigenvalues +1 and two eigenvalues —1 (do not use

an explicit representation for the y-matrices!).
1.4 The solution for u(p, s) is

7
W(F,s) = L2 (0,8, (1.1)
2m(m + wp)

with s = 1,2, and
v%u(0, ) = u(0, s) . (1.2)

Show that eq. (1.2) follows from eq. (1.1) in the restframe.
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1.5 Choose the two independent solutions for (0, s) such that «'(0, 8)u(0,t) = 65, s,t =
1,2. Show that
a(ﬁa 5)“(@ t) = 65& .

PROBLEM 2

Consider the following Lagrangian density for a quantum field theory involving two

scalar fields ¢, and ¢s:
L= 10,010"1 + a0,010" P + 30,020 P — 2m> 1.
where a is a constant.
2.1 Determine the equations of motion for ¢; and ¢,.
2.2 What are the canonical momenta 7; and 7y associated to ¢ and ¢,7?
2.3 Express the Hamiltonian in terms of the canonical coordinates and momenta.

2.4 Give the result of 1.3 for the special case a = 0.

2.5 Show that for a = 1 the equations of motion imply that ¢; = ¢o. What is in this case
the mass of the field ¢ = ¢1 + 27

PROBLEM 3

The Lagrangian density for the Dirac field is

£ = () (iv#8, — m)p ().
3.1 Define the canonical momentum corresponding to the field ¢, and show that it equals

w(t,Z) = ipi(t, Z).

3.2 The Hamiltonian is defined as
H = /d,% (m(t, )0y (t, %) — L) .

Show that this equals ‘
H= - /d3:1; Dy 0 — m)y .
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3.3

3.4

3.5

3.6

The invariance of £ under transformations
w — w/ — 6‘19‘

gives rise to a current j# = ¥y*¢y. Show that, if the Dirac equation for ¢ (and )
holds, j* satisfies
Buj* =0.

Show that .
Q = / dsa‘,jo

is constant in time if ¢ and its spatial derivatives go sufficiently fast to zero at large

| 7).

Show that for four arbitrary operators A, B, C, D the following commutation relation
holds:

[AB,CD|=~-C{D,A}B+{C,A}DB - AC{D,B} + A{C,B}D.
The equal-time anticommutation relations for the Dirac field are
{1ha(t, B), me (8, 01)} = 100" (X — @) . 130, (8, 2), (8, 1)} = {7, (£, %), mo(t, )} = 0.

Show that under the same conditions as in (3.4)

[H,Q] =0.

PROBLEM 4

In scattering theories one descibes the ingoing (outgoing) particles by free fields ¢,

(Pout)- To these fields correspond in (out) creation- and annihilation-operators, and Fock

spaces of in- and out-states. The S-matrix is a map from the out- to the in-states:

|, in >= S|a,out >,

where a denotes a set of properties (momenta,...) the states might have. The states

la,in > (Jey, out >) satisfy the usual orthogonality (< 3, inja, in >= §,g) and completeness

(Zon

la, in >< @, in] = 1) relations.

4.1 Show that ST =881 = 1.



4.2

4.3

4.4

Show that ¢in = SPoutST.

The interacting field ¢(x), which interpolates between ¢, and @y, is related to ¢in

by a unitary operator U(t), with U(t = —o0) = 1:
o) = Ul (t)gin(2)U(t).

What is the relation between ¢(x) and ¢out?

What is the limit of U(t) for t — +00?



